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We aim to study the effect of point source on the propagation of horizontally polarised shear wave in a magnetoelastic self-reinforced 
layer lying over a heterogeneous self-reinforced half-space.  The heterogeneity in the half-space has been considered due to quadratic 
variation in rigidity. Using the Green’s function method based on algebraic transformations, we have obtained the relation showing the 
dependence of phase velocity of the shear wave. The solution part of the problem involves the perturbation approach. The dispersion 
curves have been obtained for different values of magnetoelastic and inhomogeneity parameters. It is observed that the dispersion 
equation is in assertion with the classical Love-type wave equation in the absence of reinforcement, magnetic field and heterogeneity. 






The studies of propagation of SH waves in anisotropic 
medium are of great importance, as they help to investigate the 
structure of earth. Particularly, the study of wave propagation 
in a self-reinforced media plays a vital role in construction 
sector and Geophysics. Many elastic fibre-reinforced 
composite materials are strongly anisotropic in behaviour. The 
characteristic property of such materials is that their 
components act together as a single anisotropic unit up to they 
remains in elastic condition. Self-reinforced materials are a 
family of composite materials, where the polymer fibres are 
reinforced by highly oriented polymer fibres, derived from the 
same fibre. Alumina or concrete is an example of self-
reinforced material. 
It is desirable to study the shear wave propagation in 
anisotropic media, as the propagation of elastic waves in 
anisotropic media is fundamentally different from their 
propagation in isotropic media. As the earth's crust and mantle 
are not homogeneous, it is also interesting to know the 
propagation pattern of shear waves due to point source in 
heterogeneous medium. It has been observed that the 
propagation of elastic surface waves is affected by the elastic 
properties of the medium, through which they travel 
(Achenbach 1976). To emphasize the anisotropy characteristic 
of medium and its effect on wave propagation Naciri et al 
(1990) studied the propagation of harmonic wave in 
multilayered anisotropic (viscoelastic) media. The Earth’s 
crust contains some hard and soft rocks or materials that may 
exhibit self-reinforcement property and inhomogeneity is 
basic characteristic of the Earth. These facts motivate us 
towards this study. The problem of magnetoelastic transverse 
surface waves in self-reinforced elastic solids (Verma et al 
1988) was studied using the stress representation (Belfield et 
al 1983) in a continuous reinforced material. Chattopadhyay 
and Chaudhury (1990) studied the propagation, reflection and 
transmission of magnetoelastic shear waves in a self-
reinforced elastic medium. Choudhary et al (2006) discussed 
the plane SH wave response from elastic slab interposed 
between two different self-reinforced elastic solids. Recently, 
the possibility of propagation of Torsional waves in fibre-
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GEOMETRY AND FORMULATION OF THE PROBLEM   
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             Fig. 1 Geometry of the problem 
 
Referring the given geometry we set to find the equation 
governing the propagation of SH wave in self reinforced 
magnetoelastic crustal layer by the use of following equation 
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i j k m
τ λ δ µ α δ
µ µ β
= + + +
+ − + +
=
  (1) 
where ijτ  are components of stress, ije  components of 
infinitesimal strain, ijδ  Kronecker delta, ia  components of a

, 
all referred to rectangular cartesian co-ordinates .ix  
( )1 2 3, ,a a a a=

 is the preferred directions of reinforcement 
such that 2 2 21 2 3 1a a a+ + = . The vector a

 may be function of 
position. Indices take the values 1, 2, 3 and summation 
convention is employed. The coefficients * *, , ,Tλ µ α β  and 
( )2 L Tµ µ−  are elastic constants with dimension of stress. Tµ  
can be identified as the shear modulus in transverse shear 
across the preferred direction, and Lµ as the shear modulus in 
longitudinal shear in the preferred direction. *α  and *β  are 
specific stress components to take into account different layers 
for concrete part of the composite material. The model 
considered here is of transversely isotropic material, also 
known as materials of hexagonal symmetry.




















is the ix - component of the electromagnetic 
force ( )J B×
 
 and ρ  is the density of the layer. Eq. (2) gives 
three set of equations and using eq. (2) with the characteristic 
of SH wave propagation (in the x- direction and causing 
displacement in the y- direction only) yields the only non-










+ + × =
∂ ∂ ∂
 
,                         (3) 
Where the stress are given by 
( )1 1 112 1 1 3T L T
v v va a a
x x z
τ µ µ µ
∂ ∂ ∂ = + − + ∂ ∂ ∂ 
, 
( )1 1 123 3 1 3T L T
v v va a a
z x z
τ µ µ µ
∂ ∂ ∂ = + − + ∂ ∂ ∂ 
. 
( )L Tµ µ−  in the second term amounts for the effect 
comparatively non-elastic portion of the composite material. 
Now using the Maxwell’s equations governing the 
electromagnetic field and Maxwell’s stress tensor ( )0 xMijτ (due 

































∂ = ∇ 
∂ 
∂ ∂    ∂ ∂   ∂ ∂ ∂    = ∇ + + ∂ ∂ ∂ 
          (4) 
Consideration of perfectly conducting medium (i.e.σ →∞ ) 













v vH HH t t
t x z
∂ ∂   ∂ ∂   ∂ ∂ ∂   = +
∂ ∂ ∂
                                         (6) 
Assuming that primary magnetic field is uniform throughout 
the space. It is clear from eq. (6) that there is no perturbation 
in xH  and zH , however from eq. (6) there may be 
perturbation in yH . Therefore, taking small perturbation, say 
2b in yH , we have 01 02 2,x yH H H H b= = + and 03ZH H= , 
where ( )01 02 03, ,H H H are components of the initial magnetic 
field 0H






 and φ  is the angle at which the wave crosses the 
magnetic field. Thus we have 
        ( )0 2 0cos , , sinH H b Hφ φ=

.                                (7)  
  Taking the initial value of 2b as zero and considering 
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H H H H H
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∇ = − ∇× × + ∇ 
 
      





HJ B H Hµ
   × = −∇ + ∇  
   
     
                         (8) 
Using eqs. (1) and (8), we get the equation of the motion for 
the magnetoelastic self-reinforced layer as  
( ) ( ) ( )
2 2 2 2
1 1 11 1 1 1
2 2 2 ,
v v v vP Q R
x zz x t
ρ
∂ ∂ ∂ ∂
+ + =
∂ ∂∂ ∂ ∂
                             (9) 
where 
( ) ( )
( ) ( )
( ) ( )
1 2 2 2
3 0






and 2 sin 2 .
T L T e




R a a H
µ µ µ µ φ
µ µ µ µ φ
µ µ µ φ
= + − +
= + − + 

= − + 
                       (10) 
 Now taking ( )1 ,r tσ  as the force density distribution in the 
upper layer due to the point source and considering 




( ) ( )
( )
( )
1 12 2 2 2
11 1 1
12 21 1 1 1
4
,
rV V VQ R V
x zz xP P P P
πσρω∂ ∂ ∂
+ + + =
∂ ∂∂ ∂              
 (11) 
where kcω =  is the angular frequency, k  the wave number 
and c is the phase velocity. Here the disturbances caused by 
the impulsive force ( )1 rσ may be represented in terms of 
Dirac-delta function at the source point as 
( ) ( ) ( )1 r x z Hσ δ δ= − . 
Therefore the equation of motion for the upper 
magnetoelastic self-reinforced layer with an 




( ) ( )
( ) ( )
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1 1 1
12 21 1 1 1
4 x z HV V VQ R V
x zz xP P P P
πδ δρω −∂ ∂ ∂
+ + + =
∂ ∂∂ ∂  
(12) 
Now applying Fourier transform on eq. (12), gives 
( )
( ) ( )
2
21 1
1 1 1 12 1
2
4 ,





+ + = =









1 11 1 1
,R Qf i r
P P P
ρω
ξ ξ= = −
 
Now, the equation of motion for the lower heterogeneous self-
reinforced elastic half-space can be given by 
( ) ( ) ( ) ( )
2 2 2 2
2 2 22 2 2 2 2
02 2 22
v v v v vP Q R z H
x z zz x t
ε ρ
∂ ∂ ∂ ∂ ∂
+ + + − =
∂ ∂ ∂∂ ∂ ∂
(14) 
In view of substitution ( ) ( )2 2, , , i tv x z t V x z e ω=  and use of 




2 2 2 22 4 ,
d V dVf r V z
dzdz
πσ+ + =
                                       
(15) 
Substituting ( ) ( ) 2r
zf
r rV z V z e
−
′= in eq. (13) and eq. (15) for 




1 12 4 ,2








2 22 4 ,2









2 2 2 21 2
1 2,4 4
f fr rα β= − = −
 
 
BOUNDARY CONDITIONS  
 
( )1 1 1
1 0 at 02
dV fP V z
dz
 
+ = = 
 
        (18) 
1 2 atV V z H= =              (19) 
( ) ( )1 21 1 2 2
1 2     at2 2
dV f dV fP V P V z H
dz dz
   
+ = + =   
   
            (20) 
Now if ( )1 0/G z z is the Green’s function for the upper layer 
satisfying the condition 1 0
dG
dz
= at 0z =  and at z H= , then 
the equation satisfied by ( )1 0/G z z is 
 






d G z z
G z z z z
dz
α δ− = −
                            
(21) 
This gives 
( ) ( ) ( ) ( )
1
1 2




dVG H z e G H z V z
dz P=
′  ′= − 
 
           (22) 
Since 
( )1 0/ 0dG z z
dz
=  at 0z =  and z H= . 
Replacing 0z  by z and remembering that 
( ) ( )1 1/ /G H z G z H= ,  eq. (22) gives the value of 1V ′  at any 
point z in the upper medium as 







dVV z e G z H G z H
dzP =






( ) ( ) ( )












G z H G z H
P




 − × 
 =    × +  
    
                  
 (23) 
Similarly by the use of ( )2 0/G z z  as the Green’s function 
for the lower medium, we can have 
( )
( ) ( ) ( )


















dV z fe G z H V z
dz
V z e




   +  
   =  
 +  
∫
      (24) 
With the help of boundary condition, we have 
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dV z f V z
dz






  + 
  
  = − 
  
∫
                     
                                                                                           (25) 
where 1D  is given in appendix I. 
Substituting the values of 
( ) ( )1 1 12
z H
dV z f V z
dz
=
  + 
  
and 
( )2 04 zπσ  we obtain 
( )
( ) ( ) ( )
( )
( ) ( ) ( )
( )
( )
( ) ( ) ( )
( )
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P G H H P G H H
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dz
dVz H e G H z dz
dz














   × + − 
 
 − −  
   
∫
       
Similarly using the other boundary condition we get 
( )
( ) ( ) ( )
( )
( ) ( ) ( )
( ) ( )
( ) ( )
( ) ( ) ( ){ }
( )
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G H H G z H
V z e
P G H H P G H H
e G z H P
P P G H H P G H H
d Vz H
dz
dVz H e G H z dz
dz




















   × + − −  
 
















e G z z dz





   
  
 




We are interested in the value of ( )1V z , which will give the 
displacement in the upper layer, and since the higher order of 
ε  can be neglected; we take as the first order approximation 
( ) ( ) ( )
( )
( )











G H H G z H e
V z




                            (28) 
which gives the displacement at any point in the lower 
medium if it is taken as homogeneous. Putting this value of 
( )2V z in eq. (26), we get 
( ) ( ) ( )
( )
( )
( ) ( ) ( )
( )
( ) ( )
( )
( ) ( ) ( ){ }
( ) ( )
( ) ( )





































G z H G H H e
V z
P G H H P G H H
e G z H G H H
P G H H P G H H




z H G H z dz
dz













  × + − 
 




       
  
Clearly, the value of ( )1V z depends on ( )1 /G z H and 
( )2 /G z H . We have assumed ( )1 0/G z z  as the solution of eq. 
(21). A solution of eq. (21) may also be obtained in the 
following manner. 









− Ψ =          (30) 
Two independent solutions of eq. (30), vanishing at z = −∞  
and z = ∞ are 
( )1 zz eαΨ =  and ( )2 zz e α−Ψ =   
Therefore the solution of the eq. (30) for an infinite medium is 
( ) ( )1 2 0z z
W
Ψ Ψ
 for 0 ,z z<  
( ) ( )1 0 2z z
W
Ψ Ψ
 for 0 ,z z>  
where 
( ) ( ) ( ) ( )1 2 1 2 2 0.W z z z z α′ ′= Ψ Ψ −Ψ Ψ = − ≠  












=  at 0z =  and z H= ,     
Therefore, we can assume that 
( )
0
1 0 1 2/ .2
z z





−= + −  
where 1 2andC C are the arbitrary constants which can be 
evaluated using above, finally we get 
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( ) ( )( )







H z H zz
z z
H H





































= −  − 
    












= −  − 
          (31) 
Similarly, the value of ( )2 0/G z z  can be written as 
( ) ( )00 22 0
1/ ,
2
z z Hz zG z z e e ββ
β









= −    
( )2




                                                              (33) 
Substituting all these values in eq. (29), and neglecting the 
higher powers of ε  we get 
( )
( ) ( )
( ) ( ) ( ) ( )
( )

















z H z z
H H H H
H H
H H H H
e e e
V z
P e e P e e
e e
P e e P e e
α α
α α α α
α α














+ +  
  +
 + + − 
  
     (34) 
Taking the inverse Fourier transform of eq. (34), the 
displacement in the upper medium may be obtained as 
( )
( ) ( )
( ) ( ) ( ) ( )
( )
















z H z z i x
H H H H
H H
H H H H
e e e e
V z
P e e P e e
d
e e
P e e P e e
α α ξ
α α α α
α α
















+ +  
  +




The dispersion equation of SH waves will be obtained by 
equating to zero the denominator of the above integral, i.e. 
( ) ( ) ( ) ( )
( )












H H H H
H H
H H H H
P e e P e e
e e
P e e P e e
α α α α
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+ + − ×
  
+ +  
  × + =
 + + − 
  
    (36) 
In view of the substitutions 1 2andik kα θ β θ= = the above eq. 
(36) gives the dispersion relation of shear waves in 
magnetoelastic self-reinforced layer lying over heterogeneous 
self-reinforced half-space, as 
( )
( )












1 1 1 22 2 2

































= + + +





        + − −                 
  
                                                                                              (37) 
where 




For the case of an irregular non-homogeneous self-reinforced 
layer lying over monoclinic half space, we take the following 
data 
(i) For Magnetoelastic Self-reinforced layer, (Markham 1970) 
9 2 9 2 3
15.66 10 N/m , 2.46 10 N/m , 7,800Kg/m .L Tµ µ ρ= × = × =  
(ii) For Heterogeneous Self-reinforced half space, 
(Chattopadhyay and Chaudhury 1990) 
( ) ( )0 09 2 9 2
3
2




= × = ×
=  
Moreover the following data are used (Hool and Kinne 
1924)
2




= = = . 
The effect of reinforcement, magnetic field and heterogeneity 
on the propagation of plane SH waves in a magnetoelastic 
self-reinforced layer lying over an heterogeneous self-
reinforced half spaces has been depicted by means of graphs. 
Fig. 2 gives the variation of non-dimensional phase velocity 
( )1/c β  with respect to non-dimensional wave number kH  
for different values of inhomogeneity ( )ε  and magnetoelastic 
coupling parameters ( )Hε  respectively. 
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1: a1=a3=0.0, ε=0.0, εH=0.0 
2: a1=a3=0.0, ε=0.0, εH=0.1
3: a1=a3=0.0, ε=0.5, εH=0.1
4: a1=0.00316227, ε=0.0, εH=0.0 
5: a1=0.00316227, ε=0.0, εH=0.1 
6: a1=0.00316227, ε=0.5, εH=0.1 
 
 
Fig. 2 Dimensionless phase velocity against dimensionless 




Magnetoelastic shear wave propagation in self-reinforced 
media has some possible applications in the fields of civil 
engineering and geophysics. The wave signals have to travel 
through different layers exhibiting surface stresses due to self-
reinforced concrete material and magnetic field (in the case of 
medium having magnetic property). Reinforced cement 
concrete is a basic material for civil engineering construction 
work viz. building, bridges, tunnels and towers, etc. Ground 
shaking and earthquake loads can be visualized through this 
study. It is the fact that the Earth crust and built up RCC and 
masonry structures over it will be proportionately affected by 
the response of the ground motion for these wave propagation.  
If the nature and sources of ground movement are predictable, 
then the design of RCC, masonry and steel structures for the 
construction of buildings, towers and bridges will be more 
accurate, scientific and safe. 
The present study has established that increase in 
heterogeneity and magnetoelastic coupling parameter 
increases the phase velocity for both reinforced and reinforced 
free cases. It is important to add that the impact of 
reinforcement is dominant on the reinforced free case. Hence 
the study of magnetoelastic shear wave propagation due to a 
point source in magnetoelastic self-reinforced layer over a 
heterogeneous self-reinforced half-space provides valuable 
information for selection of proper structural materials for 
present day construction work. 
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